Abstract. Let 5 t" be families of meromorphic functions in a domain D, and let R be a rational function whose degree is at least 3. If, for any fc~', the composite function R(f) has no fixed-point in D, then 5 is normal in D. The number 3 is best possible. A new and much simplified proof of a result of Pang and Zalcman concerning normality and shared values is also given.
Introduction
Let D be a domain in C and jr a family of meromorphic functions defined on D. o~ jr jr is said to be normal in D, in the sense of Montel. if each sequence {f~},~=l C has a subsequence {fnj }~=1 which converges spherically locally uniformly in D, to a meromorphic function or oc (see [6] , [10] and [14] ).
A fixed-point of a meromorphic function f is a point z at which f(z)=z. In 1952, Rosenbloom [9] proved the following results.
Theorem A. Let f be a transcendental entire function and let k~N, k>_2. Then the k th iterate fk has infinitely many fixed-points.
Here, f2=f(f) and fk is defined inductively via fk=f(fk_l), k=3,4, ....
Theorem B. Let P be a polynomial with degP>2, and let f be a transcendental entire function. Then the composite function P(f) has infinitely many fixedpoints.
Ess~n and Wu [1] proved a corresponding normality criterion for Theorem A, thereby answering a question of Yang [13, Problem 8] .
Theorem C. Let jr be a family of analytic functions on a domain D. If, for any f Ejr, there exists k=k(f)> l such that the k th iterate fk has no fixed-point in D, then jr is normal in D.
Fang and Yuan [3] proved a corresponding normality criterion for Theorem B.
Theorem D. Let Jr be a family of analytic functions on a domain D, and let P be a polynomial with degP>_2. If, for any rE jr, the composite function P(f) has no fixed-point, then jr is normal in D.
Let R(z)=P1 (z)/P2(z), where P1 and P2 are relatively prime polynomials. In this paper, max{deg P1, deg P2} is called the degree of R and denoted by deg R.
Gross and Osgood [5] extended Theorem B to meromorphic functions.
Theorem E. Let R be a rational function with degR 3, and let f be a transcendental meromorphic function. Then the composite function R(f) has infinitely many fixed-points.
It is natural to ask whether there exists a corresponding normality criterion for Theorem E. In this paper, using the method of Yang [12] , we give an affirmative answer to this question. 
R(fn(z))=z-{sin
On the other hand, just as before, Jr fails to be normal at z0 = 1.
In Example 1, Jr is not normal at zo and R(z)~zo has a finite solution, while in Example 2, Jr is not normal at z0 and R(z)=zo has no finite solution. Now let ~" be a family of meromorphic functions on D. Schwick [11] was the first to draw a connection between values shared by functions in Jr and their derivatives and the normality of the family Jr. Specifically, he showed that if there exist three distinct complex numbers al, a2 and a3 such that f and f' share aj (j=l, 2, 3) on D for each fEjr, then Jr is a normal family on D. Pang and Zalcman [7] extended this result as follows. Choosing a=b, c=d, we see that Schwick's result actually holds when f and f' share two (rather than three) finite values in D.
In this paper, we improve Theorem F as follows. For families of analytic functions, b can be allowed to be zero (see [2] ). 
A useful lemma
The proofs of Theorems 1 and 2 are based on the following result of Pang and Zalcman. 
Proof of Theorem 1
Let zoED. We show that Y is normal at Zo. We consider two cases.
Case 1. R(z)
-zo has at least three finite distinct zeros a, b and c. Assume that 5 r is not normal at z0. Then by Lemma 1, there exist points zn-+zo, positive numbers pn--+0, and functions fn C~" such that
locally uniformly with respect to the spherical metric, where g is a nonconstant meromorphic function on C. Thus we have 
R(gn (~)) -(Zn + ~n~) --4 R(g(~)
)-z0, the convergence being uniform on compact subsets of C disjoint from the poles of g and R(g).
#a, b, c; so by Picard's theorem, g is again constant. Thus, whichever alternative holds, we obtain a contradiction. Hence in Case 1, ~-is normal at zo. (a), j=0,1,. ..,k-1.
Case 2. R(z)-zo
In particular, for any zED~2(a), we have
g(z)#z and g(z)#~p-l(wlr
Set ?-/={g-id:gEG}, where id denotes the identity mapping. Then (iv) 7-/is normal in D~2(a); (v) for any z E D~ 2 (a) and h E 74,
h(z)#O and h(z)#g,-l(Wl~P(z))-z;
(vi) 7/is normal at a if and only if ~ is normal at a.
Next we prove that 7-/is normal at z=a.
Let {hj}j~ 1 be a sequence in ?-/; then there exists a subsequence of {hj}~= 1 (which, without loss of generality, we may again denote by {hi }~-1) which converges locally spherically uniformly on D ~ ~2 (a) to a function h. We consider two subcases. It follows by (3.8) that for sufficiently large j,
N(~,a,r =N(~,a,f~J-1) =N(~,a: r =O"
Thus ~j has no pole in D~2/2(a ) for sufficiently large j, and so neither does hi.
Hence there exists a subsequence of {hi}~= 1 which converges locally spherically uniformly in D52/2(a ). Thus 7/is normal at a. By (iii)-(vi), ~ is normal at z0. Case 2.2. R(z)-zo has only finite simple zeros and has at least one finite zero.
Then either
or (3.10)
R(z) = z0~ (~-a)(z-b) p~(z) '
where P1 is a polynomial with deg P1 >3 and a and b are distinct finite values which are not zeros of P1.
Since R(f(z)) ~z, zC D& (Zo), (3.11) f(zo) r ~c. 
Let Pl(Z)=~P=o &jzJ with p_>3 and Ape0. Then 
(z-a)P1 (w)-(w-a)P1 (z) = (z-a) E )UwJ -(a;-a)P1 (z)
where Ct=j!/t!(j-t)! and Qs (s=O, 1, ... ,p-1) are polynomials. In particular,
and Q0 (z) ~0, z E D~ 4 (a), where 54 < 53 is a positive number. By (3.12) and (3.13), we have p-1 (3.14) 
g(z)~z, and EQs(z)(g(z)-z)Sr

(3.15) h(z)r ~h(Z)=E~-tQ~(z)h(z)~-I p } and h(a)=g(a)-ar
Qo(z)
Using the same argument as in Case 2.1, one can prove that 7-/is normal at a. We omit the details. It follows that .7-is normal at zo. 
Pl(w) P~(z) P~(w)Pl(z) '
where Pl(Z)=~zk-[-elzk-l-{-...7t-Ck with k_>3 and Ar We have
where Q1, Q2, ..., Qk are polynomials. In particular, Hence fn--~ in D~o (Zo). Obviously, we have (3.19) in D~o (zo). Thus (3.2o)
Hence zo is a simple pole of 50 P(~). But this is impossible, since deg/9>1.
Hence G is analytic in D~o (zo). Thus, by the maximum principle, we have 
Proof of Theorem 2
We may assume that D=A, the unit disc. Suppose that ~-is not normal on A. Then by Lemma 1, we can find fnEb r, znCA, and •n-+0 § such that gn(~)= Q: 1 [fn (Zn + 0n~) --C] converges locally uniformly with respect to the spherical metric to a nonconstant meromorphic function g on C, which satisfies g#(~)_<g#(0)=
Idl+2.
We claim (i) g(~)=0 ==> g'(~)=d;
(ii) g'#b; 
,1 ' (a-cF
has at least m distinct zeros in D~1(r ) which tend to ~0 as n--~c. By Hurwitz's theorem, (0 is a zero of (l/g)' with multiplicity at least m: and thus (l/g) (m) (C0)=0, a contradiction. This proves (iii). It follows that g is an entire function and is therefore of exponential type. By (ii), we have 
